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Ranking in Integer Linear Fractional 
Programming Problems 

By V. Verma 1, H.C. Bakhshi 2 and M.C. Puri 1 

Abstract: An algorithm is developed which ranks the feasible solutions of an integer fractional 
programming problem in decreasing order of the objeclive fimction values. 

Zusarnmenfassung: Es wird ein Algorithmus angegeben, der die zulfissigen L6sungen eines ganz- 
zahligen Quotientenprogrammes nach fallenden Zielfunktionswerten liefert. 

Keywords: integer fl'actional programming, ranking 
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An algorithm is developed to rank the various integer feasible solutions of an 
integer linear fractional programming problem in decreasing order of values of 
objective function. 

Integer linear fractional programming problems have been solved by many 
authors [1, 2, 3, 4, 5]. These problems find their applications in quite a large 
number of areas like fixed-charge problems, job-shop scheduling problems. 

Many times optimal integer feasible solutions of these problems are not of 
practical interest due to certain limitations. In such situations, one is inter- 

ested in ranking the integer feasible solutions in decreasing order of values of 
objective function and from the exhaustive list of various integer solutions with 
distinct values of objective function, one can select that solution which is most 
suitable under the existing limitations. Ranking of integer solutions is also 
useful in bicriteria linear fractional programming problems and multicriteria li- 
near fractional programming problems. 

A possible approach for rmlking integer feasible solutions of integer linear 
fractional programming problems could be to use Dantzig-cut. This may howe- 
ver be a long process, firstly because of  its slow convergence rate and second 
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because after obtaining any kth best integer solution, it yields (k + 1)th best 
integer solution, only after computing all the integer solutions alternate to the 
kth best integer solution. 

In integer linear programming problem [6], this situation can be handled by 
introducing cuts defined by cX < Z k -  1, where cX is the linear objective func- 
tion to be maximized and Z k is the kth best objective function value. Optimal 
solution obtained over the truncated region is the desired (k + 1)th best inte- 
ger solution. This cut apart from being deeper than Dantzig-cut, avoids scan- 
ning all the alternates at any stage. Unfortunately, this approach is not appli- 
cable to integer linear fractional case, since decrease in objective function may 
not be one, whereas in linear case, decrease is at least one. In the present pa- 
per, a cut is developed, which helps in ranking the integer solutions of an inte- 
ger linear fractional programming problem without having to evaluate all inte- 
ger solutions alternate to a known integer solution. 

The integer linear fractional programming problem can be stated as: 

cX + 
(P) Maximize Z - - -  

dX + fl 

subject to X s F 

x j  >_ 0 and integers for all j 

where F is a closed and bounded convex polyhedron over which dX + ~ > O, c, 

d, X e R n ,  a , ~  E R .  

The following notations have been defined 

cj: j th component of vector c 

dj: j th component of vector d 
X~: a kth best integer feasible solution of (P) 

X k will be an extreme point of S(k)  which is obtained from F after its succes- 
sive truncations. 

LetS(k) = {XI AX = b, X > 0}, where A ~ R mxn, b c R m . 

Bk: Basis corresponding to X k 

I(k): { i l x i  is a basic variable in the Simplex tableau corresponding to X k} 

Let T(k )  = I (k) - J(k) ,  were 1 (k) is defined as I (k) = {jl xj  is a non - 

basic variable in the simplex tableau corresponding to X ~ } 
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n k = c X k + a  

d k = dX k + fl 

Z (X  k) = n k / d k 

Forj  ~ I (k), define the following 

Z) = ~, ciYij 
i ~ I(k) 

where aj = ~. aiYij, i.e. Yij = ith component of (Bk)- la j  
i6I(k) 

2 diyij 
ieI(k) 

: - c j )  

k : O} J(k) = { j l j  ~ I (k), Aj  

In order to develop the cut, following results are established. 

Theorem: All integer solutions of (P) yielding value Z(X k) lie in the closed half 
space 

Xj k l .  
j eJ (k )  

Proof: Since X k is an integer feasible solution of problem (P), 

a j x j  = b .  
j~l(k)  

Therefore, 
jel(/~) 

zero scalor. 

ajxj  - Ojaj + Ojaj = b, for somej ~ J(k), where ~b is a non- 

2 
i~I(k) 

Z 

a i x i - O j  ~, aiYi j+~jaj  =b  
i6I(k) 

ai (x i  -- OjYij ) + ~ j a j  = b (1) 

IfO<q)j_< min 
iEl(k) 

{ x~i j I Yij > 0}, then (1) implies that 
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fci = xi - OjYij, i �9 I (k)  

2 k  = 2j  = Oj, j �9 J ( k )  

2t = O, t �9 I - ~ -  {j} 

is a new integer feasible solution, provided Cj is a positive integer and CjYij is 
an integer for every i �9 I (k). 

cixi + c j2 j  + O~ 

Consider Z(J;; k) - Z ( X  k) = i~l(k ) tl k 
E djc  + + 3 dk 

i~l(k) 

Ci(X i -- Ojyij) + Cj~j + a 
_ i ~ I ( k )  Ilk 

~, d i ( x i - O j Y i j ) + d j O j + f l  d k 
i~l(k) 

I lk  _ O j ( z }  - 

d k - O j ( Z  2 - d j )  d k 

j~k is alternate to X k . 

OJA~ = 0('." j �9 J(k)) 
dl:[d k - dpj(Z 2 - dj)] 

Clearly 2k satisfies ~ xj  > 1. 
j ~ J(k) 

Similarly each of the other possible integer solutions alternate to X ~, 
which may lie in directions of other x j, j �9 J ( k )  would satisfy 2 xj  > 1. 

jcJ(k) 
Let X* be an extreme point solution of S(k)  alternate to integer feasible 

solution X k . X* may not have all integer components. Let X* be derived from 
X k by entering Xq (q �9 J(k))  and departing xr (r �9 l(k)).  Then for a j �9 J(k)  such 
that xj is still non-basic in the Simplex tableau corresponding to X*, 

Aj =il* (2 2 - d j ) - y i )  (Z 2 -dq)  - d *  (ZJ-cj)-Yrq 
Yrq q 

d, h ~ y~ qj~ . z ( x * ) - - ~  

= 0('." j ,  q �9 J ( k ) ) .  

Similary for a t ~ J ( k )  such that xt is still non - basic in X*, 
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, d* 

, d* 
Ay = dT  Ark = 0 (V xr is basic inX k) 

(Now Xr is non-basic in X*) 

Thus A} = 0 for al l j  ~ J(k) ,  x j  is non-  basic in X * 

A; : 0  

A t < 0 for all t ~ J(k) ,  xt is non - basic in X * 

Clearly for an integer feasible solution alternate to X* and hence alternate 

to X k, if it exists, on an edge (other than joining X k and X*) originating f rom 

X*, there must exist at least one j ~ J(k) ,  (1" ~ q) such that xj > I and integer. 

Thus such like in teger  feas ible  solut ions al ternate to X k also sat isfy 
E Xj>_l. 

]EJ(k) 

Consider an integer solution W< (if it exists), which is convex combina- 

tion of integer feasible solutions alternate to X k i.e., 

W k = ,;tkX k + ,(kJ~k + . . . .  ,~k + ,~k + . . .  = 1 

; tk ___ O, , (e  _>0 . . . .  

Also, 

z(w~)  - - -  
cW k + a 

d W  k + fl 

c(~,~x~ + j k2~ +...) + a(,~ + J,~+...) 

d(Z~X~ + j,<~k +...) +/~(~ + ;~+...) 

;t~ (cX~ + a) + ~,~ (c2k + a) +... 

;t~(dX~ +/~) + ~.~(d2~ + ~) +... 

z(x ) + +)I (~d~ + ~ + ~ v Z(X~) - 

z (x~) .  

nk = ~ _  

d k 

As the closed 

to it, W k also 

half space ~2 xj  > 1 is a convex set and X k, )~k .... all belong 
j6J(k) 

belongs to it. Therefore, W k also satisfies 
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Xj >_1. 
j E ] ( k )  

Corollary: All integer solutions of (P) yielding value Z(X k) of the objective 
function lie in the open half space 

xj <1 
jET(k )  

Proof follows from the fact that for every integer feasible solution of (P) alter- 

nate to X k, xj ---- 0 for all j ~ I (k) - J ( k ) .  

Theorem 2: All integer solutions of (P) yielding value less than Z(X k) lie in the 
closed half space 

xj >1 .  

Proof: From an optimal integer feasible solution X k over S(k) at the kth stage, 

a solution . ~  carl be derived by increasing xj, j ~ I (k) - J(k)  upto qSj (> 0). As 

in Theorem 1, X ~ will be given as: 

_ ~Xi = xi  - ~ jY i j ,  

= = 

~,~ = O, 

i c l (k)  

j ~ I ( k ) -  J(k)  

v ~ I (k) - {j} 

~k is an integer feasible solution provided 

(i) Oj < -- " l x i  0} mln - - ly i j  > 
i E I (k )[  Yij 

(ii) q)j is a positive integer, and 

(iii) (~jYij is an integer for all i ~ I(k). 

Since ~j is a positive integer, .gk satisfies ~ Xj  > 1. 
j6T(k) 

Consider Z(X e) - Z(X/Q 

CiX i + CjXj  -}- a 
_ i~I (k )  

E diXi + d / j  + 3 
i E l(k) 

nk  

d~ 
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Z Ci(Y i -~jyij)+cj(~j + a  
iel(k)  n k 

~, d i (x i -OjY i j )+djOj+3 d ~ 
i e I(k) 

- O j ( Z }  - c : )  
I 

d k - O j ( Z 2 - d j )  d k 

= dk[d k -  Oj(Z 2 - d j ) ]  Aj < 0 

forj  ~ I (k) - j(k)) 

Hence Z(X  k) < Z(X k) 

Similarily, all other integer feasible solutions which can be derived from X k 

by moving in direction xj, j e I ( k ) -  J(k) will yield value less than Z(X k) and 
lie in the closed half space 2 xj > 1. Otherwise, also, in any integer feasi- 

jeT(k)  

ble solution yielding value less than Z(Xk),  there exists at least one 

j e I (k) - J(k), for which xj _> 1 and integer. Thus that solution lies in the clo- 
sed half space ~ xj>_l. 

jeT(k)  

Algorithm 
Initial Step: Find X 1 for the integer linear fractional programming problem (P). 

General Step: (k > 1) 
Introduce the cut E 

jeT(k)  
Xj ~ 1 and solve the problem: 

c X + ~  
(pk) Maximize Z - - -  

dX +3 
subject to X e S(k) 

Z x j > l  
j~T(k) 

Xj ~--0 

and integers for allj. 

Optimal solution of (pk) gives x k+l. 

Termination: The list of ranked integer feasible solutions of (P) is complete, 
when continuing the general step, we reach the problem (Pq): 
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c X + a  
(Pq) Maximize Z - - -  

dX 

subject to X ~ S(q) 

xj >_1 
jeT(q) 

Xj >--0 

and integer for all j ,  

whose set solution is empty. The process is terminated then. 

Remark 1: If the problem (Pq) has no feasible solution, then there are q dis- 
tinct values of the objective function ranked in decreasing order. 

Remark 2: The procedure presented in this paper obtains all distinct values of 
the objective function at various integer feasible solutions in a finite number of 
steps because 

(i) at any stage (say at kth stage), introduction of the cut ~ xj _> 1 yields 
jeT(k) 

an integer feasible solution giving lesser value of objective function than 
that at X k and reduction is finite. 

(ii) integer solutions alternate to some integer solution say X k, are discarded 
by the cut ~ xj > 1 and hence don't  appear in computations. 

jeT(k) 

Concluding Remarks 

Since we are unaware of any technique which could rank integer feasible solu- 
tions in order of decreasing values of objective function in an integer linear 
fractional programming problem, our main aim is to develop an algorithm to 
achieve the same. The proposed method is computationally efficient, since the 
proposed cut ~2 Xj > 1 is better than Dantzig cut, as it discards all alter- 

jeT(k) 
nate integer solutions yielding same value of objective function and yields next 
best integer solution, with a definite decrease in value of objective function. 
Also it is easy to implement the proposed cut (since to derive X k § 1 from X k, 
one has just to append the cut in the Simplex table corresponding to X k and 
carry out pivoting iterations as in an ordinary integer linear fractional program- 
ming problem). Also at each step, a cut which becomes inactive can be drop- 
ped. 
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NumeriaI  

(P) Maximize Z - 6Xl + 6x2 
l lxl  +x2 +5  

subject to xl < 4 

2x2 -< 7 

Xl, X 2 ~ 0 

and integers. 

Solving the problem (P) we get X 1 = (X1, x2) = (0, 3) and 
Z(X 1) = 2.25. Introducing the cut X xj  _> 1, solve the problem (p1) to get X 2 

jeT(l) 

= (Xl, x2) = (0,2) and Z(X 2) = 1.71428. 

Similarily solving problems (p2), (p3) and so on, we get the complete list 
of integer feasible solutions of  (P) ranked in order of decreasing value of 
objective function as: 

i X i = (x 1, x 2) Z ( X  i) 

1 (0,3) 2.25 
2 (0,2) 1.71428 
3 (1,3) 1.26315 
4 (0,1) 1.00000 
5 (3,3) 0.87804 
6 (2,2) 0.82758 
7 (4,3) 0.80769 
8 (3,2) 0.75O00 
9 (4,2) 0.70588 
10 (2,1) 0.64285 
11 (3,1) 0.61538 
12 (4,1) 0.60000 
13 (4,0) 0.48979 
14 (3,0) 0.47368 
15 (2,0) 0.44444 
16 (1,0) 0.37500 
17 (o.o) o.ooooo 

Infeasibility is declared when (pi7) is reached (i.e., when the cut • xj  _> 1 
j~T(17) 

is introduced), indicating that all integer feasible solutions, giving distinct va- 
lues of objective function have been scanned. 
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