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Abstract 

A time minimizing assignment problem (TMAP) dealing with the allocation ofn jobs to m(< n) persons is considered 
in this paper. One job is to be allocated to exactly one person and each person does at least one job. All the persons start 
working on the jobs simultaneously. If a person is to do more than one job, he does them one after the other in any 
order. The aim of the present study is to find that feasible assignment which minimizes the total time for completing 
all the jobs. A lexi-search approach is proposed to find an optimal feasible assignment. © 1998 Elsevier Science 
B.V. All rights reserved. 
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I. Introduction 

The cost minimizing assignment problem (CMAP) has been extensively considered in the literature [28] 
and several polynomial algorithms [5,9,25] for n jobs and m persons, are available to solve it. Because of the 
widespread applicability, considerable time and effort has been devoted in developing and evaluating effi- 
cient algorithms for solving large scale assignment problems [23,24,27,34,43,44]. The CMAP often arises as 
a subproblem of difficult combinatorial programming problems. For example, generalized assignment 
problem (GAP), which is NP-complete, can be solved by the repeated application of the Hungarian method 
[46]. A large number of problems occurring within resource-constrained assignment scheduling can be mod- 
elled as 0-1 assignment problems with side constraints (APSC). APSC, which is NP-complete, can be solved 
by generating all the assignments of the related CMAP in order of the decreasing cost and checking the 
feasibility of each assignment as it is generated [35]. Mazzola et al. [33] developed a branch and bound al- 
gorithm for producing exact solutions as well as a heuristic procedure for producing an approximate solu- 
tion to APSC. 
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The CMAP, when n jobs can be grouped into p(< n) distinct categories, can be solved for the case p = 3 
by the approach of Brandt et al. [12] and for the case 3 < p < n by the algorithm developed by Aggarwal 
[2]. 

The quadratic assignment problem (QAP) is an important non-linear problem studied in the literature 
[1,6,7,18,32]. The QAP finds application in some important areas like facility location problems [26] and 
parallel and distributed computing [11]. Recently, an application of the biquadratic assignment problem 
has been reported in the literature in the field of VLSI synthesis [13]. Parallel branch and bound algorithms 
have been proposed for the exact solution of QAP [38,41] based on the Gilmore-Lawler lower bounding 
technique [22,29]. The main difficulty in these algorithms [38,41] is that the quality of the lower bounds 
is very poor for the QAP. Strengthening of the lower bounds is discussed by Balas [4]. However, the effec- 
tive strategies for QAP still remain elusive. 

Another important non-linear assignment problem is the time minimizing assignment problem (TMAP), 
also popularly known as the bottleneck assignment problem. TMAP has been considered by many re- 
searchers like Garfinkel [19], Ravindran and Ramaswamy [40] and Bhatia [10] under the usual assumption 
that work on all the n jobs commence simultaneously. Seshan [42] considered a generalized version of 
TMAP when n jobs are considered to be partitioned into p(< n) blocks with precedence constraints on 
the jobs and the blocks. In one case, jobs in each block are performed in some sequential order but the var- 
ious blocks can be commenced simultaneously, whereas in the other case the jobs within each block are 
commenced simultaneously but the p blocks are completed in a sequential order. These two generalizations, 
when eitherp = 1 orp = n are equivalent to either the CMAP or the TMAP, and thus solvable in polynomial 
time. However, when 1 < p < n, the usual solution procedures are not applicable. Using the domination 
characters, Aggarwal et al. [3] developed algorithms that are more efficient than the known branch-and- 
bound algorithms [42] for these TMAP under categorization. As a special case of constrained bottleneck 
problems in networks, Bermen et al. [8] have studied TMAP subject to an additional constraint on the total 
cost. The stochastic version of TMAP has been studied by De et al. [39]. Their primary objective is to max- 
imize the probability that the bottleneck (time) value satisfies a specified target. De et al. [39] also examined 
the situation where the target is to be minimized, given that the probability of satisfying the target exceeds a 
specified threshold. 

Some special cases of CMAP were presented by Subrahmanyam [45] where the number of persons is less 
than the number of jobs and a person is allowed to do more than one job, but a job is to be done by exactly 
one person. Such variants of TMAP are not so easy to handle and the solution strategy developed by 
Subrahmanyam [45] is not applicable. A variant of TMAP in which all the n jobs are to be done by a lesser 
number of persons, say m(< n), each of which has to do at least one job, is studied in the present paper. It is 
assumed that (i) each job is done by exactly one person and, (ii) all the persons start their work on various 
jobs simultaneously but a person doing more than one job has to do them one after the other in any order. 
Unlike in assignment problems under categorization [2,3,12] in the present case categories are not known in 
advance. To the best of the authors' knowledge, no study has yet appeared in this type of TMAP. 

Dynamic Programming approach may be used to solve this problem but the main drawback would be 
that all possible feasible assignments will be generated. Thus Dynamic Programming approach is quite in- 
efficient. 

An algorithm is developed based on the lexicographic search approach [21,36,37]. In this approach each 
solution to the problem is defined as a word and the solutions are generated in some hierarchy of their val- 
ues. Each partial word (defined in Section 2) defines a block of words with itself as leader and a bound on 
the value of the objective function for this block of words is calculated. If this bound is more than the value 
of the objective function for a known feasible assignment, then the entire block of words is rejected. 

The algorithm starts with a feasible assignment which provides a reasonably good upper bound, say T0, 
on the value of the objective function. The initial feasible assignment is obtained using a heuristic approach 
in scheduling theory for processing jobs on parallel machines minimizing the makespan [14-16,20,30]. Our 
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algorithm examines the optimality of this feasible assignment and if found non-optimal, proceeds to find an 
optimal feasible assignment in a finite number of iterations. 

The mathematical model of  the problem and some relevant definitions are given in Section 2 in which 
some results are established. Based upon these, an algorithm is proposed in Section 3 and illustrations to 
explain it, given in Section 4. In Section 5 some general comments are made on the study. 

2. Theoretical development 

There is a set J = { 1 ,2 , . . . ,  n} of  n jobs and a set I = { 1 ,2 , . . . ,  m} of m(< n) persons who have to com- 
plete all the n jobs with a restriction that one job will be allocated to a unique person and each person has to 
do at least one job. All the persons start doing the jobs simultaneously but a person doing more than one 
job has to do them one after the other. Let t U be the time that the ith person takes to complete the j th  job. 
The aim is to find that assignment of  persons to the jobs for which the corresponding time of  completion of 
all the jobs is the minimum. If  the decision variable xiy, ( i , j)  E I x J takes the value 1 when the ith person 
does the j th  job and 0 otherwise, then the problem under study can be mathematically modelled as: 

(ITMAP) iron T(X)  = max t~j: x~j > 0 
iEI 

s . t .  = l, j J, (II 
iE! 

~ x i j > ~ l ,  i E I ,  (2) 
jEJ 

xij = 0 or 1 (i , j)  E I x J .  (3) 

Since the number of persons is less than the number of jobs, we call this problem an Imbalanced Time Min- 
imizing Assignment Problem ( I T M A P ) .  Clearly it always has a feasible solution. 

An assignment, X = {xij}, is one which satisfies (1) and (3), and T(X)  is the corresponding time of com- 
pletion of the jobs. An assignment is called a feasible assignment if (2) is also satisfied. 

For an assignment, X = {x~j}, 3 exactly one ij E I for each j E J such that xoj = 1 and x~j = O, 
i E I - {ij}. This assignment can also be represented by a row vector as follows: 

w -- (il, i2 , . . . ,  in), (4) 

where, all ij's are not distinct, clearly [w[ = I J[ = n. Thus, the assignment represented by (4) implies that the 
j th  job is done by the ij th person, j = 1 ,2 , . . . ,  n. 

Each assignment in its vector form (4) can be thought of as a word, w, of length n, with letters ij's from 
the set I. Let W -- {w} be the set of all feasible words of  length n. Then for a feasible word, say w, given by 
(4), the corresponding feasible assignment X w = {x~} is given by: 

x~: = 1, j =  1 , 2 , . . . , n  

x~j = 0 (i , j)  E I × J -  {(b,J) :J  E J}. 

The value of TO(TM) for this feasible assignment corresponding to w is 

/) ( x )  1 T w = max . xi j  = . 
iEw 

\ j = l  
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2.1. Definitions 

2.1.1. Alphabet matrix (AB) 
It is an m × n matrix formed by the positions of  the elements of  the given m × n matrix {tij} of times. The 

j th  column of AB consists of the positions of the entries in the j th  column of the matrix {t-y} when they are 
arranged in the non-decreasing order of their values. Let ab(y,j) stands for the yth entry in the j th  column 
of AB. Therefore, ab(1,j) corresponds to the smallest entry in the j th  column of the matrix {ti/} that is, 
mini{t0} = tab(1j)/. I f y  < z, then tab(yj)j ~<t~b(zj)j. 

Thus, the j th  column of AB is [ab(1,j), ab(2,j) , . . . ,  ab(m,j)]' where, (t) stands for the transpose. Clearly 
tab( ld)j ~ tab(2d)j ~ • . .  ~ tab(md)j. 

All the words in W can be systematically generated by considering the elements of the j th  column of AB 
in the j th  position ( j  -- 1 ,2 , . . . ,  n) of  a word, i.e., ij E {ab(q,j), q = 1,2,. . . ,  m}. 

2.1.2. Partial word (Pw) 
Pw = (il, i2 , . . . ,  it), r<~n, represents a partial word. A partial assignment corresponding to it consists of 

assigning the j th  job to the ijth person, j = 1 ,2 , . . . ,  r (jobs r + 1, r + 2 , . . . ,  n are still to be assigned). Pw 
defines a block of words each of  which has first r letters as il, i2 . . . .  , it. In this sense Pw is called the leader 
of this block of  words. If  a partial word is such that I/[ > n - IPwl, then clearly this partial word cannot 
contain a feasible word, where I[[ is the index set of unassigned persons. Such a partial word is called an 
infeasible partial word. On the other hand, Iil ~<n - II'wl then Pw is called a feasible partial word. 

Contribution to the objective function T(.) by the partial assignment, say X r'w, corresponding to Pw is 
given by 

Clearly, for a word w whose leader is Pw, we have T(X TM) >1 T(X~).  

2.2. Notations 

To 
J~ 

Tu 

starting upper bound on the value of the objective function T(.) 
J - {]1,j2,. . .  , js-l} (clearly Jl = J) 
index set of unassigned persons 
augmentation ~:  negation of augmentation 
updated upper bound on the value of  the objective function T(.) 
emptyset 

2.3. Finding of the starting upper bound on the value of the objective function T(.) 

For each i E I, find min/~s, tq = tq, (say), and set x,/, = 1, i E I. Thus each of the m persons is assigned to 
a unique job in the set {]1, j2 ,--- ,  jm }. For allocation of the remaining jobs in Jm+l, proceed as follows: For 
each k --: 1 ,2 , . . . ,  (n - m) 

( s~j,+k(tij: = min tq) = Z (ti,,+,j: xi,,+,j : l ) q- ti,,+~j,+k (say). min xi/ 1) + JeJ,+k 
iEl jE jEJ-J,,+k 
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Then allocate job Jm+k to person ira+k, k = 1 , 2 , . . . ,  (n - m). To will be given by 

To=max( j~ j ( t i j :x i j=i~ ,  1)) .  

This heuristic will provide the starting upper bound on the value of  T(.) quite close to its optimal value. 
A feasible assignment thus obtained is: 

1, j = j i  
xij = O, j ¢ ji i E l ,  

1, i = i j  
Xij ~- O, i S ij J 6Jm+l. 

Let the feasible word corresponding to this feasible assignment be w = (abCvl, 1), ab(yz, 2) , . . . ,  ab(yn, n)). 
The above feasible assignment can then be given as 

XabCvj,j)j = ], j = 1, 2, . . . , n, 

Xi j=O, (i , j)  E l x J - { ( a b ( y j , j ) , j ) ,  j = l , 2 , . . . , n } .  

Theorem 1. Pw = ( ab(yl , 1),ab(y2, 2 ) , . . . ,  ab(yr, r) ), r <~ n is a part&l word for  which 
T (X  ew) >~ Tu Vyr = 1 ,2 , . . . ,  m where, Tu is the current upper bound on the optimal value o f  the object&e 

function T (. ). Then the partial word P-ff = ( ab(yl , 1), abCv2 , 2) , . . . ,  ab(yr-l , r - 1)) cannot contain a word with 
the corresponding value o f  T(.) less than Tu. 

Proof. T(X r~) >~ Tu Vy~ : 1 ,2 , . . . ,  m implies that assigning the rth job to any of the m facilities, when the 
first ( r -  1) jobs are being assigned respectively to the persons ab(yl, 1), ab(y2, 2) . . . .  , ab(yr-1, r - 1) yields 
partial words corresponding to each of which the contribution to the objective function T(.) is not less than 
T,. This implies that the partial word Pw = (ab(yl, 1), ab(y2, 2) , . . . ,  ab(y~_l, r - 1)) cannot be augmented to 
generate a word corresponding to which the associated assignment yield value of the objective function T(.) 
is less than Tu. [] 

Remark 1. Whenever for a partial word Pw, we have T(X r'w) < Tu and 11[ ~<n - IPw] then the partial word 
Pw may contain word with the corresponding value of T(.) less than Tu. Also when 
TO(ew) ~> Tu Vyr = 1 ,2 , . . . ,  m, where, Pw --- (ab(yl, 1), ab(yz, 2) , . . . ,  ab(yr, r)), r<~n, then the partial word 
Pw is abandoned and allocations of some or all the first ( r -  1) jobs respectively to the persons 
ab(yl, 1), abCv2, 2) , . . . ,  ab(yr_t, r - 1) must be altered. 

Alteration in the ~ = (ab(yl, l),ab(y2, 2 ) , . . . ,  ab(yr-1, r -  1)) means examining the possibility of as- 
signing the ( r -  1)th job to the person ab(z, r -  1) for yr-1 < z<~m. I fyr-I  = m, then we examine the pos- 
sibility of  assigning the ( r - 2 ) t h  to the person a b ( z , r - 2 ) ,  yr-2<z<<.m and so on. Thus if 
Yl = ~ . . . . .  Yr = m, then the partial word ~ cannot under go any alteration. 

Theorem 2. Consider a partial word Pw = (ab(yl , 1)). Let T (X  r'w) >>. Tu, Tu being the current upper bound on 
the optimal value o f  T(.). Then Tu is the optimal value o f  T(.). 
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Proof. As TO(r'w) >1 Tu, then in virtue of  Remark  1 the partial word Pw = (ab(yl, 1 )) cannot  contain a word 

with the corresponding value of T(.) less than T,. Also as tab(z,1)1 >~tab(y~)l for all z > Yl, it follows that 
T(X Pw) >1 Tu for every Pw = (ab(z, 1)),z>~yl. Therefore, no partial word Pw = (ab(z, 1)), z>~yl can contain 
a word with the corresponding value of T(.) less than Tu. Further as the words are generated from the 
partial words in a systematic manner  in the decreasing order of  their contribution to T(.), it follows that 
any word derived f rom the partial word (ab(y, 1)), 1 <<.y <~yl must have the corresponding value of  T(.) not 
less than T~. Therefore, there does not exist a word with the corresponding value of T(.) less than Tu and 
hence Tu is the optimal value of T(.). []  

Theorem 3. Let Pw = (ab(m, 1),ab(m, 2) , . . .  ,ab(m,r) ), r<~n be a partial word satisfying TO(Pw) < Tu, Tu 
being the current upper bound on the value of  the objective function T(.). Let Pw = Pw ~J (ab(y~+l, r + 1)) be 
the partial word derived from Pw such that T(X r'w) >>. Tufor all yr+l = 1,2 . . . .  , m then Tu is the optimal value of  

m 

Proof. As T(X r'w) >1 Tu for all Yr+l = 1 , 2 , . . . ,  m it follows, in virtue of  the Theorem 1, that Pw cannot 
contain a word with the corresponding value of  the objective function T(.) less than Tu. Therefore, in virtue 
of  the Remark  1, allocation of  the first r jobs respectively to the persons ab(m, 1),ab(m, 2) . . . .  , ab(m, r) 
must be altered. But as these persons correspond to the last entries in the first r columns of  the Alphabet  
Matrix, it follows that Pw cannot undergo any alteration. Also as all partial words are generated in a 
systematic manner  in the decreasing order of  their contribution to the objective function T(.), it follows that 
prior to Pw all the partial words (ab(yl, 1), ab(y2, 2 ) , . . . ,  ab(yr, r)) for all the permutat ions ofyl  ,y%.. • ,yr in 
the set { 1,2 . . . .  , m} except the permutat ion yl = yz . . . . .  Yr = m have their corresponding contribution 
to T(.) not better than that of  Pw. Hence we cannot have a word with corresponding objective function 
value less than Tu implying that the optimal value of  T(.) is Tu. [] 

3. Algorithm 

Throughout  the algorithm J is used to indicate the position of  a column in the matrix AB. For  example, 
J -- r would mean that currently column r of  AB is being examined. K is used to indicate the position of  an 
entry in the column of  AB currently under investigation. The algorithm runs into the following steps: 

Step 0 (Initialization): Construct  the Alphabet  Matrix AB = {ab(i,j)}. Compute  To and find the corre- 
sponding feasible assignment w = (ab(yl, 1), ab(yz, 2 ) , . . . ,  ab(yj , j ) , . . . ,  ab(y,, n)). Tu = To. Set Pw = w and 
go to step 1. 

Step 1: Set J = n, K - yg (= Yn), I' = ~b. Go  to step 2. 
Step 2: (a) I f K  < m, set Pw --- Pw [~ (ab(K,J) ). I = I ~J (ab(K,J) ), if ab(K,J) ~ ab(y,J) foryl  <<. y<<. yg l 

and also set Xab(r,/)g = 0. Next set K = K + 1 and go to step 3. (b) I f K  = m, set Pw -- Pw ~ (ab(K,J)) and 
set f as in case (a) also set Xab(r,/)g = 0. Next set J = J - 1 and go to step 4. 

Step 3: Set Xab(r,I)g = 1. I f  ab(K,J) E [ then update it as I = I ~ (ab(K,J)). Update  the partial word as 
Pw = Pw ~J (ab(K,J)). I f  this partial word is such that l ~ ~b and Iil> n - [Pw I, then abandon this partial 
word as this is an infeasible partial word and go back to step 2. Otherwise compute T(XPW). 

I f  T(X r'w) < Tu, go to step 5. (Ref: Remark  1). 
I f  T(X Pw) >~ Tu and J > 1, go to step 2. (Ref: Theorem 1). 
I f  T(X r'w) >~ Tu and J = 1, go to step 6. (Ref: Theorem 2). 
Step 4: I f  J > 1 and each letter in the updated partial word Pw corresponds to the last entry in the re- 

spective columns of the Alphabet  Matrix (i.e., each letter ab(yj,j) of  Pw has each yj = m), then go to step 6 
(Ref: Theorem 3). Otherwise when J > 1, then for this J set K = yg and go to step 2. I f  the updated J = 1, 
then for this J set K = y j  (= Yl). I f  K = Yl < m then go to step 2(a) and if K = yl = m then go to step 6. 
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Step 5: I f J  < n, then in virtue of  Remark 1, set J = J + 1, if this updated J = n and [ = {i'} (say), and 
ten is the qth entry in the nth column of  AB then set K = q and go to step 3. Otherwise set K = 1 and go to 
step 3. If  J = n, we get a new feasible word, say w, the assignment corresponding to which yields value of 
the objective function T(.) strictly less than Tu. Thus a tighter bound on the value of the objective function 
T(.) is obtained. Set PW = w and go to step 1. 

Step 6: Stop. The current upper bound T~ is the optimal value of T(-) and the corresponding feasible 
assignment is an optimal assignment. 

Remark 2. It may be noted that Step 1 of  the algorithm is executed only when a word is obtained whose 
optimality is still not established. 

Step 2(a) of the algorithm is carried out when either (i) K < m and J > 1, in which case the next entry in 
the column J of  AB is considered or (ii) T(X 1~) >>, Tu or Iil > n - P w ,  in which case alteration in the last 
letter of Pw is made. Step 2(b) of  the algorithm is executed when K = m and T(X~)>~Tu or 
Ill > n - Pw, in which case alterations in the last two letters of  Pw are made. 

Step 3 is implemented only when either (i) K < m, in which case we examine the possibility of allocating 
the current job J to the next person with the minimum possible rise in the corresponding completion time or 
(ii) J < n in which case allocation of  the next job (i.e., job J + 1) is considered. Thus, step 3 is carried out to 
augment the current Pw with a new letter. 

Step 4 is carried out only when K = m and J is set as J - 1. Whenever T(X ew) < Tu and J < n, the pro- 
cess iterates between step 3 and step 5 until either (i) a partial word, say Pw, is obtained for which 
TO(Pw) >1 Tu or (ii) a word contained in Pw is obtained. 

Remark 3 (Convergence). The algorithm is bound to converge in a finite number of steps because 
(i) maximum number of  feasible words is n m, (ii) every new word constructed in the process yields a tighter 
upper bound on T(.) that is, the upper bound on the optimal value of T(.) is lowered by an integral 
value whenever a new word is obtained, and (iii) all the partial words obtained in the process yielding value 
of  T(.) not less than Tu are abandoned. Infeasible partial words as and when encountered are also 
abandoned. 

Remark 4 (Memory). It may be observed that only partial word Pw which is under consideration needs to 
be stored in the active memory and the Alphabet Matrix is prepared once for all and stored. Hence the 
active memory required is almost negligible. 

Remark 5. Although the problem is NP-hard, the proposed algorithm can solve to optimality all the 
instances that can be generated. This is so because of  the tightness of  the upper bound To computed initially. 
In very many instances the starting upper bound To will be equal to the optimal value of the instance. 

Remark 6. The proposed algorithm does not generate feasible assignments with the corresponding value of 
T(.) not less than To. In this respect this algorithm is better than the Dynamic Programming approach in 
which all feasible assignments will have to be obtained. 

4. Numerical 

Consider the following imbalanced TMAP which consists of  three persons and five jobs. The (i,j)th en- 
try of the given matrix {tq} represents the time taken by the ith person to complete the j th  job. 
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6 3 1 5 4 

{t i j}  = 5 5 4 3 3 

1 2 2 6 4 

Step 0 (Initialization): Alphabet  Matr ix is given as 

A B  = 

3 3 1 2 2 

2 1 3 1 1 

1 2 2 3 3 

To find the initial upper bound on the value of  the objective function T(.) 
Jl = {1,2 ,3 ,4 ,5}.  F o r / =  1, minjej,{qj} = t13 = 1, 
J2 = J l  - {3} = {1,2,4,5}.  For  i =  2, minjej:{t2j} = t24 = 3, 
./3 = J 2  - {4} = {1,2,5}. For  i = 3, minjej3{t3j} : t31 = 1. 
For  the allocation of  the remaining jobs in Jm+l, proceed as follows: 
• ]4(  = J m + l )  : {2, 5}(= {jm+l,jm+2 . . . .  , j ,}) .  
For  j = 2 E J4, 

min ( ~ (tij: xij = l ) + mintij) Je { 1,3,4} jEJ4 jE Z (t3j: x3j = l ) -l- t32 = t31q- t32 = l "+- 1,3,4} 

Now allocate the second job to the third person and now J5 = {5}(= jm+2). 
For  j =  5 EJs ,  

man(iel je{l,2,3,4}Z (tij:xij=l)+mintis)=yej5 je{l,2,3,4}Z ( t l j : X l j = l ) + t l s = t l 3 + t l s = l + 4 = 5 .  

A feasible assignment thus obtained is given by w = (3, 3, 1,2, 1) and the objective function value corre- 
sponding to this feasible assignment is T(X w) = 5. 

Set Pw = (3, 3, 1,2, 1 ) = (ab (1, 1 ), ab (1,2), ab (1,3), ab (1,4), ab (2, 5 )). Go  to step 1 to examine the opti- 
mality of  this word. 

Step 1: J = 5 ,K =Y5 = 2, Pw = (3,3, 1,2, 1) = (ab(1, 1),ab(1,2),ab(1,3),ab(1,4),ab(2,5)), ]=  ¢. 
Step 2(a): K = 2 < m(= 3), Pw = (3, 3, 1,2, 1) A (1) = (3, 3, 1,2), [ = q~, Xab(l,5)5 : O, K = K + 1 = 3. 

Go to step 3. 
Step 3: Xabl3.5,~ = 1, Pw = (3, 3, 1,2) ~ (ab(3, 5)) = (3, 3, 1,2, 3), T(X ew) = 7 > Tu(= 5), J > 1. Go  to 

step 2. 
Step 2(b): K = 3(= m) ,Pw = (3,3, 1,2,3) A(3)  = (3,3, 1,2), i =  ~b and set Xabt3,5)5 = 0. Next set 

J = J - 1 = 4 and go to step 4. 
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Step 4: Updated J ( =  4) > 1, Pw = (ab(1, 1), ab(1,2), ab(1,3), ab(1,4)), set K = y4 = 1 (< m). Go back 
to step 2(a). 

Step 2(a): K = 1(< m) Pw = (3,3, 1,2) A(2)  = (3,3, 1) i =  {2} set K = K +  1 = 2. Go to step 3. 
Step 3:xab~2,,)4 = 1, Pw = (3, 3, 1) ~ (ab(2, 4)) = (3, 3, 1, 1), i = {2}, T(X Pw) = 6 > Tu(= 5). Go to step 2. 
Continuing like this we reach the first column of the Alphabet Matrix AB J = 1, K = Yl = 1, Pw = c~, 

K = K + l = 2 ,  I = { 1 , 2 , 3 } .  
Step 3: Set Xab(2,1)l = 1, Pw = ~b ~J{ab(2, 1)} = {2}, T(X Pw) = 5 = Tu. J > 1. Go to step 6. (Ref: 

Theorem 2). 
Step 6: Stop. The current upper bound Tu = 5 is the optimal value of T(.) and the feasible assignment 

corresponding to the feasible word yielding the value Tu given by (3, 3, 1,2, 1) is an optimal feasible assign- 
ment. 

Consider another imbalanced TMAP 

{ t i j )  = 

3 2 3 2 4 

1 3 2 3 3 

2 2 3 1 3 

Step 0 (Initialization)." Alphabet Matrix is given as 

A B  = 

2 1 2 3 2 

3 3 1 1 3 

1 2 3 2 1 

To find the initial upper bound on the value of the objective function T(.): 
J l  = {1,2,3,4,5}.  For  i = 1, minj6jl{tlj} = t12 = 2, 
J2 =./1 - {2} = {1,3,4,5}. For  i = 2, minj~j2{t2j} = t21 = 1, 
./3 = J 2  - {1} = {3,4,5}. For  i = 3, minj~js{t3j} = t34 = 1. 
For  the allocation of  the remaining jobs in Jm+l, proceed as follows: 
J4(----Jm+l) = { 3 , 5 }  (= {jm+l,jm+2,... ,jn}). 
For  j = 3 E J4, 

mini~l(~jc{l,2,4}(tij:xij= 1 ) +  t i3)= Y~j~{1,2,4}(t2j:x2j= 1 ) +  t23 =t21 + t23 = 1 +  2 =  3. 

Now allocate the second job to the third person and now-/5 = {5}(= j,,+2). 
F o r j  = 5 E Js, 

miniel(Y~j6{1,2,3,4}(tij:xij= l )  + t i 5 )  = y~je{1,2,3,4}(t3j:x3j= 1 ) + t 3 5 = t 3 4 + t 3 5 = l +  3 = 4 .  

The feasible assignment thus obtained is given by w = (2, 1,2, 3, 3) and the objective function value cor- 
responding to this feasible assignment is TO(w) = 4. 
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Set Pw -- (2, 1,2, 3, 3) = (ab(1, 1), ab(1,2), ab(1, 3), ab(1,4), ab(2, 5)). Go to step 1 to examine the opti- 
mality of  this word. 

Step 1: J = 5,K----y5 = 2, Pw = (2, 1,2,3,3) = (ab(1, 1),ab(1,2),ab(l,3),ab(1,n),ab(2,5)), ] - -  q~ and 
go to step 2(a). 

Step 2(a): K -- 2 < m(= 3), Pw --- (2, 1,2, 3, 3) A (3) = (2, 1,2, 3), ] = ~, K = K + 1 = 3. Go to step 3. 
Step 3: Xab,35,~ : 1, ] =  ~b, Pw = (2, 1,2,3) ~J (ab(3, 5)) = (2, 1,2,3, 1), TO(Pw) : 6 > Tu(= 4 ) , J  > 1. Go 

to step 2. 
Step 2(b): K = 3 (= m), Pw = (2, 1,2, 3, 1) 1~ (1) = (2, 1,2, 3), i = ~b. Next set J = J - 1 = 4 and go to step 

4. 
Step 4: Updated J ( =  4) > 1, Pw = (ab(1, l),ab(1,2),ab(1,3),ab(1,4)). Set K = y4 = 1(< m). Go back 

to step 2(a). 
Step 2(a): K = 1(< m), Pw = (2, 1,2, 3) A (3) = (2, 1,2), i = {3}. Set K = K + 1 = 2. Go to step 3. 
Step 3: xab~2.,~, = 1, Pw = (2, 1,2) ~ (ab(2,4)) = (2, 1,2, 1), ] =  {3}, T(X r'w) = 4 > Tu. Go to step 2. 

Continuing like this we reach at the following stage. 
Step 3: Pw = (2, 3,2, 3), i =  {1}, TO(ew) = 3 < Tu. Go to step 5. 
Step 5: As J = 5 and ] = {1}, set K = 1 and go to step 3. 
Step 3: Set Xab(1,5)5 = 1, Pw = Pw ~ {ab(1,5)} = (2, 3, 2, 3, 1), TO(~)  = 4 = Tu. Go to step 2. 
Proceeding like this we reach the stage where the partial word is as under 

Pw = (1,2, 3) = (ab(3, 1), ab(3, 2), ab(3, 3)) (i.e., each letter in the partial word corresponds to the last entry 
in the respective columns of  the Alphabet Matrix). Go to step 6 (Ref: Theorem 3). 

Step 6: Stop. The current upper bound Tu = 4 is the optimal value of  T(.) and the feasible assignment cor- 
responding to the feasible word yielding the value Tu given by (2, 1,2, 3, 3) is an optimal feasible assignment. 

5. Concluding remarks 

1. As the authors are not aware of  any study on the ITMAP discussed in this paper, the main aim is to 
develop some solution strategy for the same. In the absence of  any other algorithm for the ITMAP, 
the authors are unable to present any comparative results. 

2. The proposed study can be easily extended to the case when only n'(m < n' < n) jobs are to be done or 
when each person has to do at least a specified number of  jobs. 

3. Although the present study focuses on two dimensional TMAP,  the results established in the paper hold 
for three dimensional assignment problem [17,31]. As three dimensional assignment problem is known 
to be NP-hard [17], the computational advantages of  the established results are somewhat diminished. 
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